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PRIMITIVE NORMAL POLYNOMIALS OVER FINITE FIELDS

ILENE H. MORGAN AND GARY L. MULLEN

ABSTRACT. In this note we significantly extend the range of published tables
of primitive normal polynomials over finite fields. For each p" < 10°° with
p < 97, we provide a primitive normal polynomial of degree n over Fp.
Moreover, each polynomial has the minimal number of nonzero coefficients
among all primitive normal polynomials of degree n over F,. The roots of
such a polynomial generate a primitive normal basis of Fy» over Fp, and
so are of importance in many computational problems. We also raise several
conjectures concerning the distribution of such primitive normal polynomials,
including a refinement of the primitive normal basis theorem.

1. INTRODUCTION

For ¢ a prime power and »n > 2 an integer, let F,; denote the finite field of
order g. It is well known that F;. can be viewed as a vector space of dimension

n over F,. A basis of F;» over F; of the form a, of, ..., a?"”" is called a
normal basis, and if « is also a primitive element of Fj., i.e., if a generates
the multiplicative group Fj., then the basis is said to be a primitive normal
basis.

Normal and primitive normal bases are of great importance in many com-
putational problems involving finite fields, and so there has been considerable
effort directed to discussing various methods of obtaining such elements. It is
well known that for any prime power ¢ and any integer n > 2, Fy» contains a
normal basis over Fy ; see for example Lidl and Niederreiter [17, Theorem 3.73].
In [7], Davenport showed that if ¢ = p is a prime, then for each n > 2, Fp»
contains a primitive element a that generates a primitive normal basis of Fn
over F,, and in [4], Carlitz showed that for sufficiently large ¢", F;» contains
a primitive element that generates a primitive normal basis over F;. Recently,
Lenstra and Schoof [15] showed that for every prime power ¢ and every integer
n > 2, F;» contains a primitive normal basis over F,. This result completely
settled the question of the existence of primitive normal bases over finite fields,
although the above methods are all nonconstructive. Hachenberger [11] gives
an alternative proof of the primitive normal basis theorem, which at least the-
oretically provides a method to determine all primitive normal elements.
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For the more practical matter of finding a primitive normal element, Stepanov
and Shparlinski [26] give an upper bound N so that if g € Fj» is a fixed prim-
itive element, then the sequence £, 2%, ..., " must contain an element that
generates a primitive normal basis. In [9] von zur Gathen and Giesbrecht pro-
vide a probabilistic polynomial-time algorithm for the determination of a prim-
itive normal element. Shoup [24] considers the problem of how to determin-
istically generate in polynomial time a subset of F,. that contains a primitive
element. See also Menezes [18, Chapters 4-5] and Shparlinski [25, Chapters 2-
5] for discussions of various algorithms and theoretical results concerning the
distribution of primitive normal elements. For a discussion of various other
kinds of bases, see for example [8, 14, 19, 21-23]. We also refer to Lidl [16,
§3] for a discussion of a number of recent results related to various types of
bases over finite fields, and we refer to [1] for a discussion of algorithmic com-
putations involving primitive and normal elements in the field F>». In [20],
Niederreiter shows that normal bases are useful in the problem of factoring
polynomials over finite fields.

A monic polynomial f(x) of degree n over F, is called a primitive (resp.
normal) polynomial if it is the minimal polynomial of a primitive element of
Fg. (resp. it is the minimal polynomial of an element which generates a normal
basis of F;» over F;). Alternatively, f(x) is primitive if g” — 1 is the small-
est positive integer s such that f(x) divides x* — 1, and it is normal if any
root of f(x) generates a normal basis of Fy» over F,. Thus, f(x) is normal
if f(x) belongs to the linearized polynomial x4 — x so that the monic lin-
earized polynomial of least degree satisfied by a root of f(x) is the linearized
polynomial x?" — x. Recall that a linearized polynomial is a polynomial of the
form }:;‘;01 a;x? with a; € F;». In the terminology of Beard and West [3], a
primitive (resp. normal) polynomial is said to be of the first (resp. second) kind,
and a polynomial which is both primitive and normal is said to be of the third
kind. We will however use the more natural terms of primitive (resp. normal)
polynomials and simply say that a polynomial is a primitive normal polynomial
if it is both primitive and normal.

It is known that there are ¢(q" — 1)/n primitive polynomials of degree n
over F;, where ¢ denotes Euler’s totient function from elementary number
theory; see [17, Theorem 3.5]. Moreover, there are ®,(x" —1)/n normal poly-
nomials of degree n over F,, where ®, denotes the Euler function defined
on the ring Fy[x]; see [17, §3.4]. Very recently, Akbik [2] has obtained an
apparently different formula for the number of normal basis generators of Fjn
over F, with p prime, although that formula is, in reality, just a different way
of rewriting the standard formula ®4(x" —1)/n.

While there is no known closed formula for the number of primitive normal
polynomials of degree n over F,, Carlitz [4] obtained the asymptotic bound
that there are N’/n primitive normal polynomials over F, of degree n, where

N' = ¢(q" — )@, (x" — 1)/g" + O(g"1/2+€)y

the implied constant depending only upon e.

Foreach p, d, and n satisfying p < 102, p? < 103, and p?” < 10®, Beard
and West [3] provided a primitive normal polynomial of degree n over F,.
Very recently, Gulliver, Serra, and Bhargava [10] gave lists of primitive normal
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polynomials of small degrees over F, for ¢ < 19 except for ¢ = 9. (It should
be pointed out that their polynomial 11000002 over F;; cannot be primitive
since —2 is not a primitive element in Fj;; see Theorem 1 below. A primitive
normal polynomial is 11000007.)

The purpose of this paper is to significantly extend the range of published
tables of primitive normal polynomials over prime fields. The range of our tables
is p" < 10°° with p < 97. Moreover, each of our polynomials has at most five
nonzero coefficients. Such polynomials with small Hamming weight provide
for easy implementation of the corresponding extension field arithmetic, and
so our tables are intended to provide the practitioner with an easily accessible
collection of primitive normal polynomials for use in various applications.

While extensive tables of primitive polynomials are available, see for example
Hansen and Mullen [12], most of those polynomials are not normal since their
trace coefficients are 0, and thus they cannot be used to generate a normal basis
of F,» over F,.

The following results from Lidl and Niederreiter [17, Theorem 3.18 and
Corollary 2.39] provide algorithms for testing whether a given polynomial f(x)
of degree n over F, is primitive and normal.

Theorem 1. The monic polynomial f € F,[x] of degree n > 1 is a primitive
polynomial over F, if and only if (—1)" f(0) is a primitive element of F; and
the least positive integer r for which x" is congruent mod f(x) to some element
of Fyisr=(q"-1)/(g—-1).

Theorem 2. For a € Fpn, {a, a9, ..., a""_'} is a normal basis of Fgn over F,
if and only if the polynomials x" -1 and ax"'+a9x" 2+ -+ 'x+a?""'
in Fyn[x] are relatively prime.

2. TABLES

The methods of Hansen and Mullen [12] provide the starting point for our
search. Because of the availability of software programs used in [12], we have
used the following strategy in searching for a primitive normal polynomial over
F,, even though some of the methods discussed in §1 at least theoretically
provide faster algorithms. We first locate a primitive polynomial of degree n
over Fp, asin [12], using Theorem 1. If a polynomial is primitive by Theorem
1, then the Euclidean algorithm is used to test a root a of the polynomial
against Theorem 2 in order to determine whether the polynomial is a normal
polynomial, and hence whether its roots generate a normal basis of F,» over
F,.
For ease of implementation of extension field arithmetic by a practitioner,
our search has focused on polynomials of low Hamming weight, i.e., on poly-
nomials with a small number of nonzero coefficients. In particular, for each
p and n, the polynomial which we have listed has the minimal weight among
all primitive normal polynomials of degree n over F,. In addition, the given
polynomial is the first primitive normal polynomial obtained among all polyno-
mials of that weight which were tested in the following natural order as in [12].
Consider f(x) = x"+Y_" a;x' of degree n over F,. Let N; = P+ Y aipt
be the corresponding number in base p. Thus, among polynomials of the same
weight, f(x) was tested before g(x) if Ny < N;. Subject to this ordering, the
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first primitive normal polynomial obtained is listed in the table. (Note that any
normal polynomial must have nonzero trace coefficient, i.e., the coefficient of
x"! must be nonzero.) An asterisk denotes the fact that for the given poly-
nomial f(x), the reciprocal polynomial f(x)* = x"f(1/x) is also primitive
normal. The reciprocal of a primitive polynomial is of course always primitive,
but the reciprocal of a normal polynomial is not always normal.

In the Supplement section at the end of this issue we provide tables of the
primitive normal polynomials obtained using the procedure described above.
For each p” < 10°° with p < 97, we provide a primitive normal polynomial
of degree n over F,. As in [12], only the nonzero coefficients are listed so
that, for example, the polynomial x8 + x7 + 3 over F; is listed as 8:1, 7:1,
0:3. Copies of the tables either in hardcopy or electronic form are available
from the authors.

3. CONJECTURES

In this section we raise several conjectures concerning the distribution of
primitive normal polynomials over finite fields. We remind the reader that if
n > 2, the trace function is defined from Fy» to F; by TR(y) =y +y9+ P+
.-+ 42" and that, if y has degree n over F,, the trace of y is of course
the negative of the coefficient of x”~! in the minimal polynomial of y over
F,. We first recall that in [5] Cohen showed that, except for several necessary
exceptions, there is for every prime power ¢ and every integer n > 2, a
primitive polynomial of degree n over F, with an arbitrarily specified trace
coefficient. More specifically, he proved:

Theorem 3. Let n > 2 and let a € F; with a# 0 if n=2 orif n=3 and
q = 4. Then there exists a primitive polynomial of degree n over F, with trace
a.

Based upon computer evidence and several special cases below, we propose
the following refinement of the primitive normal basis theorem of Lenstra and
Schoof [15] as well as the above result of Cohen:

Conjecture 1. Let n > 2 and let a € F; with a # 0. Then there exists a
primitive normal polynomial of degree n over F, with trace a.

We note that Cohen [6, p. 53] alludes to a special case of Conjecture 1 and also
briefly discusses a possible method of attack. If a denotes the trace coefficient
of a normal polynomial f(x) of degree n, then clearly a cannot be zero;
otherwise, the roots of f would not be independent, and hence they could not
form a basis of F;» over F,. Conjecture 1 is thus clearly true for ¢ = 2, and
it follows from Hachenberger [11, p. 146] and Theorem 3, that the conjecture
is also true for n = 2 and any prime power gq.

Theorem 4. If every prime factor of q — 1 divides n, then for every nonzero
element b € F; there is a primitive normal polynomial with trace coefficient b.

Proof. Let a be a primitive normal element in Fj». We just need to check
that ba is also a primitive normal element for every nonzero element b € F,.
Clearly, ba is a normal element. Let w = (¢" — 1)/(¢ — 1), and let a = o%
be the norm of a over F;. Then a is primitive in F; and b = a’ for some
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0 <t < g - 2. Moreover, ba = a¥*! and ba is primitive if and only if
l=ged(wt+1,9"—1)=ged(wt+1,9—-1)=ged(nt+1,q-1).
Since every prime factor of ¢ — 1 is a divisor of n, we have
ged(nt+1,g-1)=1.
Thus, ba is primitive for every nonzero b € F, and the proof is complete. O
Corollary 5. Conjecture 1 is true whenever n is a multiple of q — 1.

The following elementary argument provides a class of values of g for which
Conjecture 1 is also true. Assume that f(x) = x" + bx"~! 4+ --- 4+ byx + by
with b # 0 is a primitive normal polynomial over F;, « € Fg is a root of
f(x), and that TR(a) = —b. If ¢ # 0 € F,;, then clearly ca also generates
a normal basis of F;» over F,, and moreover, TR(ca) = —cb. Since « is a
primitive element of F,., we may write ¢ € F, as ¢ = a*(@"'+4"*++a+D) (<
k < q — 1. Thus, the order of ca is gcd(q"—l,k(q":l%’ji:]’l'—2+m+q+l)+l)' As a result,
Conjecture 1 will be true if ca is a primitive element for each ¢ #0 € F,, i.e.,
if ged(g—1,k(@" ' +q"24+---+q+1)+1)=1, for k=0,1,...,q9-2.

If Conjecture 1 fails, it is most likely to fail for small values of ¢ and n.
However, it has been verified by machine calculation to be true for all prime
powers g < 97 with n < 6.

We also propose the following conjecture, which is a refinement of the anal-
ogous conjecture of Hansen and Mullen [13, p. 434] for primitives over a field
with a prime number of elements.

Conjecture 2. (1) For each prime p and each n > 2 there exists a primitive
normal polynomial of degree n over F, with at most five nonzero coefficients.

(2) If p > 11, then there is a primitive normal polynomial of degree n over
F, with at most four nonzero coefficients.

It may be that (2) holds for p > 3 exceptfor p=5,n=32and p=7,n=
24,

The following algorithm can be used to construct a primitive (normal) poly-
nomial of degree n over a nonprime field F,» of order p™. Let f be a primi-
tive polynomial of degree mn over F,, taken for example from [12]. Choose
an element B € F,m whose order is equal to p™" — 1 so that g is a prim-
itive element in F,m. Calculate the minimal polynomial Mpg(x) of B over
Fym = F; as Mg(x) = [['2y (x — B7'), which according to [17, Corollary 2.19]
is a primitive polynomial of degree n over Fy». In order to check whether
B generates a normal basis of F,m» over F,m , we now simply apply Theorem
2. This technique was in fact used to verify Conjecture 1 for all prime powers
q <97 with n <6.

As an illustration of this technique, as in Table A of [17], assume that F;
is multiplicatively generated by a root a of the primitive polynomial x* +
x3+1 over F,. Let B = a so that # and B* form a primitive normal
basis of Fis over Fy. Consequently, the minimal polynomial Mg(x) of B
over F; given by .(x — B)(x — B*) = x? + @’x + o’ is a primitive polynomial
of degree 2 over F,. Similarly, if y = a*, then y and y* form a primitive
normal basis, and the minimal polynomial M,(x) = x?+a!%x+a!? is primitive
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normal. Analogously, if 6 =a’ and € = a!!, then Ms(x) =x%*+ x +a’ and
M, (x) = x2+x+a!? are also primitive normal polynomials over F;. Moreover,
x*+x3+1=Mpg(x)M,(x) and x*+x + 1 = Ms(x)Mc(x).

Alternatively, one could proceed as follows to construct a primitive (normal)
polynomial of degree n over a nonprime field F,». As above, let f be a
primitive polynomial of degree mn over F,. Then by [17, Theorem 3.46], f
factors over F,» into m irreducibles, each of degree n. Moreover, from [17,
Corollary 2.19], each irreducible factor is a primitive polynomial of degree n
over Fym. As above, Theorem 2 can then be applied to determine whether a
root of such a primitive polynomial generates a normal basis.
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